For certain wave scattering problems embedding formulae can be derived, which express the solution, or far-field behaviour of the solution, for arbitrary plane wave incident angle in terms of the corresponding quantities for a finite number of other related problems. Their scope has so far been limited to scattering in R 2 , and to a lesser extent R 3 ; in this paper we derive embedding formulae for wave scattering in a class of two-dimensional waveguide. The waveguide is straight and of uniform width outside a finite length region within which the boundaries are piecewise-linear and the waveguide can contain polygonal obstacles, a restriction being that all boundaries of the waveguide and obstacles must be inclined at a rational angle to the axis of the waveguide. Once solutions are determined for a finite set of incident propagating modes, the embedding formulae provide expressions for reflection and transmission coefficients for all remaining incident propagating modes. The precise number of solutions required is a function of the number and nature of the corners of the boundaries and obstacles. The formulae are illustrated for a particular waveguide geometry for which the problem can be formulated as an integral equation and approximate numerical solutions determined using the Galerkin method.
Introduction
To fully characterise the wave scattering properties of an obstacle, solutions of the scattering problem are typically required for a range of plane wave incident angles. One useful means of minimising the effort required to achieve this full characterisation is offered by embedding formulae, which express the solution for any incident plane wave angle in terms of solutions corresponding to a finite, usually small, number of other solutions.
The range of scattering geometries for which such formulae have been derived is currently far from extensive. In (1) and (2) it was demonstrated that the classical two-dimensional problem of a plane wave incident upon a single gap in an otherwise infinite, thin, straight, sound-hard barrier admits such a formula: the solution for any incident plane angle can be expressed in terms of just one solution, corresponding to grazing plane wave incidence.
The results of (2 and subsequent extensions to multiple gaps (3), thick barriers (4), a perforated duct (5) and non-colinear strips (6) , all require that the problems be formulated as an integral equation, and the structure of this equation is then exploited to derive the required results. In each case, solutions for arbitrary incident wave angle are expressed ‡ (n.r.t.biggs@reading.ac.uk) satisfies a Neumann condition. Near a corner in the waveguide for which, in terms of polar coordinates (r, θ) centred on the corner, the interval θ 1 < θ < θ 2 is inside the guide, the solution must behave as are orthonormal on (a ± , b ± ), and 
3. Embedding for a straight waveguide containing thin barriers parallel to the x-axis
3(a) A single barrier
To illustrate the process we first consider the simplest situation for which embedding formulae exist, and the simplest such embedding formula which can be derived. Suppose that the waveguide is straight, with a − = a + and b − = b + , so that in particular κ
n and N − ≡ N + ; the notation κ ± n etc. is retained however, to aid understanding, and assist later extension to cases for which a − , b − = a + , b + . Suppose further that the waveguide contains a single thin barrier occupying the region S = {x 1 < x < x 2 , y = y 0 }, where a < y 0 < b, on which a Dirichlet boundary condition must be satisfied. The Meixner condition (2.2) takes the form u = O(r 1/2 ) near either corner. The method follows closely the adaptation of (8) given in (11) . We introduce the differential operator The Meixner conditions at the corners of S are violated however: near (x 1 , y 0 ) the solution is of the form u
where (r, θ) are polar coordinates centred on (x 1 , y 0 ), and B − 1,m is a constant, but then
and the O(r −1/2 ) term is an overly-singular term which contravenes the Meixner condition. Clearly the combination H − m u − m also includes a term which is singular at the other end, (x 2 , y 0 ), of the scatterer, so we introduce the combination (3.4) in which m, j, k ∈N − are distinct, and for which we can choose the constants C and D so that the coefficients of the two overly-singular terms are zero. This combination U then satisfies a fully homogeneous problem, but, in contrast to earlier work considering scattering of plane waves by obstacles in R 2 for which we could at this stage invoke uniqueness to deduce that U ≡ 0, here we cannot necessarily infer this since one or more trapped modes may exist. These are solutions of the homogeneous problem which (crucially for our purposes) decay to zero as x → ±∞, and if they exist for a particular geometry typically do so only at isolated frequencies. Within the class of waveguide geometries considered in this paper their existence can be caused by either the presence of obstacles in the guide (see, e.g. (12)), or by variation in the guide width (see, e.g. (13) ).
Thus we can only deduce that U =Û , where here and throughout this paperÛ denotes a linear combination of all trapped modes which exist for the particular geometry and frequency being considered; thus
Now take the limit of (3.5) as x → −∞. Use of the limiting behaviourÛ → 0, plus the far-field form (2.4), shows that
and then equating coefficients of the modes e 6) for n ∈N − .
To determine the constants C and D we set n = j and n = k in (3.6) in turn, and invoke the reciprocity relation (2.7), to give
These two equations can now be solved to give
in which for convenience we've introduced the scaled reflection coefficients
(and in terms of which the reciprocity relation (2.7) is simplyR
. Inserting these expressions back into (3.6) then results in the equality
Equation (3.9) is an embedding formula, since once the solutions u ′ overly-singular terms, one for each barrier tip. We generalise the method of section 3(a), and derive an embedding formula which expresses the scattering coefficients for the solution u − m in terms of scattering coefficients for a combination of M solutions forced by waves incident from both +∞ and −∞. (Note we are assuming here that the total number of possible incident waves, N + + N − , is less than M , so that M distinct integers can be picked fromN − ∪N + . This condition will be most restrictive at low frequencies.) Thus we pick distinct integers l 
The analogue of (3.4) is 11) in which the coefficients C ± j can be chosen so that the Meixner conditions are satisfied at each corner. The combination U satisfies a fully homogeneous problem, from which it is then immediate that
Now take the limit x → −∞ in (3.12), use the far-field form (2.4) and the limiting behaviourÛ → 0, and finally equate coefficients of e
in which the final equality follows after use of the reciprocity relation (2.7). In terms of the notation introduced in (3.8), together with the addition of
(in terms of which the reciprocity relation (2.8) isT (3.14) can be written more succinctly as
(3.16) Equation (3.16) constitutes M − equations from which to determine the M − + M + unknowns C ± j ; the remaining M + equations are found through taking the limit of (3.12) as x → ∞ and equating coefficients of e
where the reciprocity relation (2.8) has been used. This can be written in the notation of (3.8) and (3.15) as
Equations (3.16) and (3.19) together constitute M − + M + = M equations from which to determine the M unknowns C ± j . Inserting these values for the C ± j into (3.13) yields an embedding formula which expresses the reflection coefficients R − nm , for all n, m ∈N − , in terms of quantities which rely only on the solutions u
inserting these expressions for the C ± j into (3.17) yields an embedding formula for the transmission coefficients T − nm , for all m ∈N − , n ∈N + . We note that it is possible to confirm directly that if the constants C ± j in (3.11) can be chosen to eliminate the overly-singular behaviour at the M barrier corners, i.e. to satisfy 
for n, p ∈N − , q ∈N + , with two further identities, for R + pn and T − qn , forthcoming upon combining (3.21) with (2.7) and (2.8) respectively. Use of these identities then allows (3.16) and (3.19) to be rewritten as 
Thus if C ± can be determined from (3.23) then in particular det(B) is non-zero so that (3.24) can be reduced to precisely (3.23), and the solutions of the two systems coincide.
Two particular cases of the embedding formulae are worth writing out in full. If M − = M and M + = 0 then the C + j and equations of (3.19) are omitted, and equations (3.13) and (3.17) become
and
where the C − j are determined from (3.16) reduced to
Here the embedding formulae (3.25) and (3.26) give the reflection/transmission coefficients R 
where the C + j are now determined from (3.19) reduced to , by instead seeking formulae for reflection/transmission coefficients for the solution forced by the m-th mode from +∞, rather than −∞. The appropriate adjustment to be made to equations (3.13), (3.17), (3.16) and (3.19 ) is simply that all superscripts + and − are interchanged.
3(c) Symmetry
If the boundaries of the waveguide and the obstacles within it are arranged symmetrically about the line x = 0 thenN + =N − ≡N (say), plus it is clear that u
In this case it is maybe not surprising to find that the number of solutions required for the embedding formulae can be reduced from
Then the embedding formulae (3.13) and (3.17) take the form
where the constants C ± j are determined from (3.16) and (3.19) written as
Here the symmetry relations (3.31) have been used to ensure that all reflection and transmission coefficients rely only on the M ′ solutions u − lj (j = 1, 2, . . . , M ′ ) for their calculation.
Polygonal boundaries and obstacles
In this section we consider the general case. Suppose that for x ≤ −L the waveguide occupies the region a − < y < b − , and for x ≥ L the waveguide occupies a + < y < b + , with (a − , b − ) not necessarily equal to (a + , b + ). (A minor modification, which goes unpursued here, would see the boundaries for x ≥ L, say, aligned at a rational angle to the x-axis).
For −L < x < L the waveguide has boundaries which are piecewise linear and also contains polygonal obstacles. The parameter M ≥ 2 counts the total number of corners present in the walls and obstacles. The precise position of the walls and obstacles is not needed for what follows, but what is required is that there exists a single positive integer p for which the region in the waveguide exterior to the j-th corner (so inside the waveguide), for each j = 1, 2, . . . , M , is of the form r > 0, s j π/p < θ < q j π/p, in which s j , q j ∈ Z with q j > s j and q j − s j ≤ 2p, and where (r, θ) are local polar coordinates centred on the
We introduce the differential operator H = iκ −1 ∂ x and, in terms of which,
. It is also designed to preserve boundary conditions (of Dirichlet, Neumann or constant impedance type) on surfaces inclined at angles lπ/p for l ∈ Z. The details of the verification of this property are in (8) , but, in brief, when applied to solutions of the Helmholtz equation (2.1) the operators H = iκ −1 ∂ x andĤ = iκ −1 ∂ y obey the same algebraic rules as cosine and sine, respectively, since
are oriented along and perpendicular to a boundary inclined at an angle lπ/p to the x-axis, respectively, we have
Thus the operator T p (H) preserves Dirichlet, Neumann or constant impedance boundary conditions on any such boundary, since it can be written in terms of derivatives directed along that boundary. (An alternative proof in (11) , for the Dirichlet case only but readily extendable to other boundary conditions, instead confirms that the operator T p (H) maps solutions of the Helmholtz equation for the appropriate local wedge problem to other such solutions, so that in particular the boundary conditions are preserved.) Finally, if T p (H) preserves the boundary conditions of interest then from (4.1) so too clearly does H ± p,m . Now we determine the effect, in terms of overly-singular terms produced at the corners of the domain, of applying the operator H 
in terms of local polar coordinates (r, θ) centred on the apex of the j-th corner, and for some constants A (m,j) n and Q ∈ N. Writing
in terms of which the n-th term in (4.2) is A (m,j) n ψ 0 , it is straightforward to show that
Then using this and a standard representation of T p (H) (e.g. equation (22.3.6) in (14)) we have
Here ψ −p+2l = r νn,j −p+2l sin[ν n,j (θ − s j π/p) + (−p + 2l)θ], and the overly-singular terms correspond to cases when the exponent of r is negative, i.e. when ν n,j − p + 2l < 0, or equivalently l < (p − ν n,j )/2. Thus near the j-th corner
where now only the overly-singular terms are included in the summations. Here z = max{n ∈ N 0 : n < z} denotes the largest integer strictly smaller than z. Thus the total number of overly-singular terms, for all corners, iŝ
Furthermore, because the differences between T p (H) and the operator H − p,m in (4.1) do not introduce additional overly-singular terms, the total number of overly-singular terms which arise after application of H − p,m to u − m is preciselyM . The process described in section 3(b) can now be followed closely, the main changes being that the operator H 
in which the definition of the scaled reflection and transmission coefficients in (3.8) and (3.15) is extended tõ
Here use has been made of the reciprocity relations determined from (4.4) and (4.5), the embedding formulae themselves are
for n ∈N − , and
for n ∈N + . These formulae expressR 
for n ∈N + , and 
12) where the C ± j are determined from (4.4), (4.5) modified tô
If insteadM is odd then minor adjustments yield formulae which rely only on (1 +M )/2 solutions.
4(a) Examples
To illustrate the formulae, we consider some examples. In each case once the value ofM is determined the embedding formulae are equations (4.8)-(4.11), or equation (4.12) if the waveguide is symmetric.
4(a).1 A step-change in waveguide width
Consider a waveguide with a step-change in width at x = 0. The upper boundary is positioned at y = 0; for x < 0 the lower boundary is at y = −b < 0, but for x > 0 the lower boundary is at y = −(b + a) < −b. Thus the waveguide widens from width b to width a + b as the line x = 0 is crossed left-to-right. Here p = 2 and there are M = 2 corners: at (0, −b) with s 1 = −1, q 1 = 2, and at (0, −b − a) with s 2 = 0, q 2 = 1. The second corner is concave, with q 2 − s 2 = 0, so does not contribute overly-singular terms. For the first, q 1 − s 1 = 2 and ν n,1 = 2n/3, so (p − ν n,1 )/2 = (2 − 2n/3)/2 = 1 − n/3 = 0 for n = 1, 2, so that from (4.3),M = 2.
4(a).2 A step-change in waveguide width, with a screen
Consider the waveguide geometry of example 4(a).1, but with an additional thin straight screen extending from the corner of the step at (0, −b) across the waveguide to (0, −c), where 0 < c < b (see fig. 2 ). Again p = 2 but now there are M = 3 corners: at (0, −b) with s 1 = 1, q 1 = 2, at (0, −b − a) with s 2 = 0, q 2 = 1, and at (0, −c) with s 3 = −1, q 3 = 3. The first and second corners are both concave; for the third, q 3 − s 3 = 3 and ν n,3 = n/2, so from (4.3),M = 3 n=1 1 + 1 − n/4 = 3. The embedding formulae for this example are implemented in section 5, below.
4(a).3 A single barrier inclined at an angle sπ/p to the x-axis
Here there are again M = 2 corners in the domain, with s 1 = s − p and q 1 = s + p, and s 2 = s − 2p and q 2 = s, so that q j − s j = 2p for j = 1, 2. Thus ν n,j = n/2 for j = 1, 2, and so from (4.
If the barrier is aligned with the x-axis, as in section 3(a), then p = 1 (and s = 0) and M = 2, as expected.
4(a).4 A single rectangular obstacle aligned with the x-axis
In this case there M = 4 corners, with p = 2 and (s 1 , q 1 ) = (−1, 2), (s 2 , q 2 ) = (0, 3), (s 3 , q 3 ) = (1, 4) and (s 4 , q 4 ) = (−2, 1). Then q j − s j = 3 and ν n,j = 2n/3 for j = 1, 2, 3, 4, givingM
If the obstacle is positioned symmetric about x = 0 then use of the symmetry properties reduces this figure toM /2 = 4.
Numerical approximation for example 4(a).2
For the case described in section 4(a).2 we provide an approximate numerical solution against which the embedding formula can be checked.
We focus on the solution of the problem for u 
in which the R − nm and T − nm are coefficients to be determined. The solution is continuous above the step but equal to zero on the face of the step, so evaluating (5.1) at x = 0 and using the orthogonality of the Y ± n yields the relations 
for p ∈N ± , so that from (5.2) and (5.4),
(5.6) These can be written as
in which I ± is the N ± × N ± identity matrix (I + is used below),
A very similar procedure applied to the problem for u + q shows that (5.7) is complemented by
. Once approximations to the matrices in (5.8) are determined, (5.7) and (5.9) can be solved for R ± and T ± . To numerically approximate the solutions to (5.5), we use the Galerkin method in conjunction with the Rayleigh-Ritz approximation
in which the λ ± pj are coefficients to be determined, the ϕ j are trial functions, and Q ∈ N 0 . If ρ denotes the distance from the corner at (0, −c) then we know that u 
in which U j is a Chebychev polynomial of the second kind, and the denominator in (5.11) is chosen to simplify later results. Note that U 2j+1 (−y) = −U 2j+1 (y). Inserting (5.10) into (5.5) and then multiplying the result by ϕ k and integrating, results in the Galerkin equations
where
(5.13) Standard properties of Chebychev polynomials of the second kind show that
14) in which J 2j+2 is a Bessel function of the first kind.
The terms in each series in (5.13) behave like n −2 as n → ∞. In detail,
Denote the terms in n −2 and n −3 on the righthand sides of (5.15) and (5.16) by A − n and A + n respectively. Then we can accelerate the convergence of the series in (5.13) by writing them as
respectively, in which ζ(2) = π 2 /6, and µ 1l = Li l (e 2iπc/b ) and µ 2l = Li l (e 2iπc/(a+b) ) for l = 2, 3, where
is the polylogarithm function (see (16) , section 25.12), which can be evaluated accurately using standard quadrature techniques applied to its integral form. The terms in the remaining infinite series in (5.17) and (5.18) now each decay like n −4 , and in practice truncating each series at n = 10 3 ensures that for all results displayed below values of L kj are accurate to at least 6 decimal places.
The right-hand side of (5.12) can be evaluated using (5.14); once the λ ± pj are determined from (5.12) approximations to the entries of the matrices in (5.8) follow using (5.10) and (5.14).
5(a) Results
To illustrate the efficiency of the solution technique and the use of the embedding formulae we set a/b = 2 and c/b = 1/2, so that the waveguide width in x > 0 is double that in x < 0, and the screen at x = 0 extends halfway across the waveguide at x = 0 − . We choose κb = 13π/2, for which N − = 6 and N + = 19.
The left-hand half of Table 1 (the columns labelled 'direct') displays values of a selection of reflection and transmission coefficients as Q is increased, calculated directly using the approximation method described above. The convergence with increasing Q is evidently very rapid; the convergence rate of other R ± nm and T ± nm is comparable. For smaller (larger) κ b , smaller (larger) Q is required in order to achieve the same accuracy. If the screen is small (c/b ≈ 1), larger values of Q are required.
To implement the embedding formulae (4.8)-(4.11) we chooseM − =M = 3,M + = 0, and for simplicity set l − j = j for j = 1, 2, 3, so that the embedding formulae express reflection and transmission coefficients in terms of solutions forced by the first three incident modes from the left. The numerical scheme described above is used to determine approximations to these Table 1 Values of a selection of reflection and transmission coefficients, calculated directly and via the embedding formulae (4.8)-(4.11). Here a/b = 2, c/b = 1/2, and κb = 13π/2, so that N − = 6 and N + = 19. Details related to the implementation of the embedding formulae are described in the text. three solutions; these are then inserted into equations (4.8)-(4.11) to yield approximations to all other reflection and transmission coefficients. The columns of Table 1 labelled 'embedding formula' display approximate |R ± nm | and |T ± nm | calculated in this way, for which the generating three solutions are calculated using the specified value of Q.
What is evident is that the embedding formulae can reproduce the values of |R ± nm | and |T ± nm | which have been calculated directly, as they should, but the accuracy of the approximations calculated in this way depends critically on the accuracy of the approximation to the three generating solutions: inserting even only slightly (by ∼ 1%) inaccurate approximations to the three generating solutions into the embedding formulae results in approximations to the other |R ± nm | and |T ± nm | which are many orders of magnitude in error. However, given the rapid convergence of the numerical scheme this requirement of sufficient accuracy in the approximations to the generating solutions is not prohibitive, and the change in magnitude of the values of coefficients calculated via the embedding formulae as the approximations to the generating solutions become more accurate is so marked that convergence could not be wrongly assumed too early. Conversely, it is clear that the satisfaction of the embedding formulae can be used to gauge the accuracy of the numerical results.
Interestingly, this behaviour is in contrast to that of identities linking |R ± nm | and |T ± nm | representing conservation of energy, namely
for n ∈N − , q ∈N + , which follow from setting u = u 
Conclusions
In this paper we extended the methods of (11), which itself built upon (8) , to derive embedding formulae for wave propagation problems in two-dimensional waveguides whose boundaries are piecewise linear, and which contain obstacles whose boundaries are also piecewise linear. Within this class of waveguide geometry the only further restriction is that each linear portion of the waveguide or obstacle boundary must make an angle with the waveguide axis which is a rational multiple of π (in radians).
Embedding formulae were constructed which expressed the reflection/transmission coefficients for all possible incoming modes in terms of reflection/transmission coefficients for any particularM solutions, withM is given in (4.3), and corresponds to the total number of overly-singular terms which arise by application of the particular differential operator H ± p,m defined in (4.1). This operator is designed to both commute with the Helmholtz operator ∇ 2 + κ 2 I, and also preserve boundary conditions on all boundaries. In section 5, the boundary-value problem for a particular example was formulated as an integral equation and solved approximately using Galerkin's method, and in particular approximations to the corresponding reflection and transmission coefficients were determined. The appropriate embedding formulae were then implemented, which gave accurate values for a range of reflection and transmission coefficients in terms of just (for this particular example) 3 particular solutions, provided the approximations to these particular solutions were sufficiently accurate.
The embedding formulae are evidently of most use in high-frequency problems for which the number of propagating modes to either side of the non-uniform waveguide region, N ± , is large, and in particular when N ± ≫M . For low-frequency problems in complicated waveguidesM may exceed N ± , prohibiting use of the embedding formulae; equally, for highfrequency problems in relatively simple waveguides the relative benefit of the embedding formulae is high. IfM > N ± an alternative route is to use generating solutions which are forced by evanescent waves rather than propagating waves, at least in the case of a uniform width waveguide containing polygonal obstacles. This extension is not pursued here.
Embedding formulae can be derived for a range of other similar situations with only minor modifications, the most obvious such example being the case for which the Dirichlet boundary condition is replaced by a Neumann condition throughout. Slightly more involved, though still perfectly tractable, is the case for which the boundary condition on each linear boundary section (of the waveguide or an obstacle) is either Neumann or Dirichlet or of constant impedance type, though the appropriate modification of the value ofM for the latter case requires care. The boundary condition could also switch between these three types at a point where the boundary is straight, so long as the possibility of overly-singular terms arising at these points is considered.
Finally, only straightforward modifications of the method are required for waveguides which are bifurcated or trifurcated etc., or for the radiation problem in which a waveguide opens out into R 2 , provided all boundaries remain inclined at a rational multiple of π to the x-axis. This final case would provide a link between the results presented in this paper and those of (11) related to scattering by polygons.
